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Motivation
O

Massively parallel computer systems with very
complex interplay between components are fast
becoming ubiquitous.

From the massive heterogeneous server clusters behind the
likes of Google ...

... to the revolution in peer-to-peer file transfer

It’s only going to get more complicated, at least from
a performance evaluation perspective ...
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Why does performance matter?
c—

...or why do I care how long my download takes?

Systems have to be able to make high-level
quantitative guarantees such as:

B A search engine responds to search requests in
< 500ms average, 2000ms worst case

B The positions of aircraft on a radar screen will
be updated at least every second
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Solution: abstraction (as ever!)
]

We model a simplified version using a formalism,
such as a:

B Stochastic Petri net (SPN)

B Queueing network

B Stochastic process algebra (SPA) ...e.g. PEPA

We then ‘solve’ it and map what we learn on to the
real-world problem.
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Simple PEPA example
—

def
Processor = (use, r1).(process, rp).Processor

d
Resource 2 (use, r3).(reset, r4).Resource

d
System ) Processor <] Resource

{use}

System

use, min(ry, r3))
(reset, ry) { ( (process, ra)

(process, ro).Processor {Dﬁj (reset, ry).Resource
< HEE 4

(process, r2) (reset, r4)

Processor {Dﬂ} (reset, ry).Resource (process, ra).Processor rtﬁj} Resource
wee 4 ! . twee
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Bigger, more realistic example
—

de
System :f(Processor | ... || Processor) I><] (Resource || ... || Resource)

\ . 7 {use} o 7
VO NV

Np NR

Np = 50, Ng = 50 = 2% states

‘Solving’ the underlying CTMC means (generating
and) solving a system of 2!% linear equations ...
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Bigger, more realistic example
—

de
System :f(Processor | ... || Processor) I><] (Resource || ... || Resource)

\ . 7 {use} o 7
VO NV

Np NR

Np = 50, Ng = 50 = 2% states

‘Solving’ the underlying CTMC means (generating
and) solving a system of 2!% linear equations ...

This is the state space explosion problem
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ODE continuous approximation

G{ﬁp-l— 1. Py —1). (Ro. 1)} {51 {Pl + ]_}7-2}

{((Py—1, P.+1). (Ro. R1))}

(b, Pli“g} {1‘.1 i li{Pﬂ + 1}7‘11 {R{p + l}!‘g}}

((Ph— L P +1), (Ry— 1 R+ 1)}) {((Ps. P1). (Ro. Ry} ((Po+1, P —1), (Ry+1, By —1)))

({'[Pn- Pr). {Rr -1, f‘"l + 1}]')

LH-‘_._______.__'__H-"‘"'
(@, min( Fyry, Ror
(e, Ryry)
(e, (R1+ 1)ra)

{'[{Pn- B}, {f‘F”+ L, f'rl — 1}})

dlidot(t) = —min(Po(t)r1, Ro(t)r2) +r2Py(t)
dlﬁf ) _ min(Py(t)r1, Ro(t)r2) — r2P1(t)
dR«i)t(t) = —min(Po(t)r1, Ro(t)r2) +r4Ry(t)
dR(;t(t) — min(Py(£)r1, Ro(t)ra) — raRy ()
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ODE continuous approximation
c—

Intuitionist argument, but seems to work, at least in
some cases ...

T
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10 CTMC steady state -------- -

80
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Time, t

PASTA 2007: Generatine SDEs from PEPA models — b. 8 /62



‘Discrete’ components

Albeit not in others ...

def

A() = (a, A)Al def
def oys = (AOI%?]AO%}Q'“%?]AO
Al = (b, “I«l)Ao \ ~~ -
Ny
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‘Discrete’ components

Albeit not in others ...

def
A() = (a A) Al de
def SyS Zf(Aol><] 0%?...%?140)
A1 = (b, ). Ag ~ g
Ny

100

Number of active components

I I I
0 2 4 6 8 10
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‘Discrete’ components

Albeit not in others...

def

Ag = (a, M).Aq d
) ( ) SyS :ef(AO D@}QAO%}Q T
of
A1 = (b, ‘u)AO N ~~ ~
Ny

100
80 -

60 [

omponents

40 |

Number of active c

20 F

I I
0 2 4 6 8 10
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‘Discrete’ components

Why not?

def

Ag = (a, L).A d
Odf( s Sys:ef(Aol>{}<]A0[>{}ﬂ...[>{}<]Ao>
e a a a
Al = (b,“l«l)Ao ~ ~ -
Ny
(a,A)
(Ag || - |l Ao) —= (A1 || ... || A1)

JA)
(A1 ]| Ag || ... || Ag) 225
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‘Discrete’ components

Why not?

def
Ag = (a, L).A d

Odf( s Sys:ef(Aol>{}<]A0[>{}ﬂ...[>{}<]Ao>

e a a a
Ar = (b, n).Ap S - .

Ny
(a,7)
(Ao || - || Ao) = (Ar || ... || Ar)

JA)
(A1 ]| Ag || ... || Ag) 225

W — s () ANAT (Ar(1)
W — () + ANAT (41 (1)
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Motivation
O

B |s possible to formally justify the generated ODEs for a
subclass of the PEPA models, in at least two senses:

¢ In a limiting sense as shown by the last speaker

¢ In a transient sense using generating functions

B At least the second sense can also be generalised to
higher-order moments
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Motivation
O

B |s possible to formally justify the generated ODEs for a
subclass of the PEPA models, in at least two senses:

¢ In a limiting sense as shown by the last speaker

¢ In a transient sense using generating functions

B At least the second sense can also be generalised to
higher-order moments

B Having identified the limitations of this kind of
fluid-flow analysis (ODEs), can we address them with
more powerful tools?
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Stochastic differential equations
]

B Differential equations where one or more terms is a
stochastic process and thus so are solutions

B Random noise often modelled using Brownian motion

B Analogous to normal random variables, can often be used
to construct functional central limit theorems
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Stochastic differential equations
]

B Differential equations where one or more terms is a

stochastic process and thus so are solutions

B Random noise often modelled using Brownian motion

B Analogous to normal random variables, can often be used

to construct functional central limit theorems
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Brownian motion
I

160 1

140 1

120 1

100 5
i

20 4

én

Time (1)

B But mathematically nasty — almost always nowhere
differentiable, infinite variation, not monotone on almost
every interval, no matter how small(!)

B Necessitates different calculus — It6 calculus
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Brownian motion
I

160 1

140 1

120 1

100 5
i

20 4

én

Time (1)

B But mathematically nasty — almost always nowhere
differentiable, infinite variation, not monotone on almost
every interval, no matter how small(!)

B Necessitates different calculus — It6 calculus

f 1, 1
/O B(s) dB(s) = > B(t)—t
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FCLT for PEPA?

Need to identify the stochastic processes to approximate. We
define transition counting processes associated with PEPA
models.

(P +1, P, —1), (R, R1))

(b, (P, +1)rs) (((Po — 1. P, +1). (Ro, B1)})

(b, Pyra) (. anin((FPy + 1)r1, (Ro + 1)T))

G{Hr—l-f’l-i-l}- {R+r—1-Rl+l}D (((Pm Pr), (Rg. Ri}) G{Pn+1- Pr—1), (Rs+1, By —I}D

w
(a, min( Pyri, Ry
(¢, Ryry)

(O r) % LR D)y (@ E+l (AN TR ),
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FCLT for PEPA?

Need to identify the stochastic processes to approximate. We
define transition counting processes associated with PEPA
models.

(B +1, P.—1), (Ro, R1)) (b, (P, + 1)) (P, — 1. P, + 1), (Ro, R1)))

(b, Pyra) (. anin((FPy + 1)r1, (Ro + 1)T))

G{Hr—l-f’l-i-l}- {R+r—1-Rl+l}D (((Pm Pr), (Rg. Ri}) G{Pn+1- Pr—1), (Rs+1, By —I}D
w

(a, min( Pyri, Ry
(e, Ryrq)

(O r) % LR D)y (@ E+l (AN TR ),
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FCLT for PEPA?

{Pp+l Py — 1), (Ry, Hi}) (E} (Pl-l-l}f‘g} — 1, P, + 1}, (Ry, FIJ'D
(b, Pyra) lf{Pu—I-l}f‘l (Ro+1)T))

G{Pr L, Pr+1), (Re—1 R +1 G{Pn Pr), (R, Ry)) ({Pr+l Py — '[I'I’n+l.f'l’1—1}D

{a min( Pyry, Hy
(e, Byry)
c, (RB1+ 1)ry)

(5. P.). (Fp— L, H1+1}}) (P P). | Fy + L H, — 1)))

. xyr1  ifxz3 >0
f—l,l,—l,l(xlr X2, X3, X4>= m1n(x1r1, x3—|_);: { .
0 if X3 = 0
f1,-1,0,0(x1, X2, X3, X4)= X272

fo,0.1,—1(x1, X2, X3, X4)= X474
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FCLT for PEPA?

X171 if x3 >0

f—l,l,—l,l(xlr X2, X3, X4>= min(xlrl, x3—|_);: { .
0 if X3 = 0

f1,-100(x1, X2, X3, X4)= X272

fo,01,—1(x1, X2, X3, X4)= X474
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FCLT for PEPA?

. X171 if X3 > 0
f—l,l,—l,l(X1/ X2, X3, X4)= mm(xlrl, x3—|_>;: { .
0 if X3 = 0
f1,-1,0,0(x1, X2, X3, X4)= X277

fo,01,—1(x1, X2, X3, X4)= X474

Nq( :>/ min(py(s)ry, ro(s ds+/ \/mm (p1(s)r1, ro(s)T) dBy(s)
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FCLT for PEPA?

. X171 if X3 > 0
f—l,l,—l,l(X1/ X2, X3, X4)= mm(xlrl, x3—|_>;: { .
0 if X3 = 0
f1,-1,0,0(x1, X2, X3, X4)= X277

fo,01,—1(x1, X2, X3, X4)= X474

Nq( :>/ min(py(s)ry, ro(s ds+/ \/mm (p1(s)r1, ro(s)T) dBy(s)

t#/ srds—|—/\/ (s)ra dB(s)
0P1 2 0 Pl 2 2
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FCLT for PEPA?

. X171 if X3 > 0
f—l,l,—l,l(X1/ X2, X3, X4)= mm(xlrl, x3—|_>;: { .
0 if X3 = 0
f1,-1,0,0(x1, X2, X3, X4)= X277

fo,01,—1(x1, X2, X3, X4)= X474

Nq( :>/ min(py(s)ry, ro(s ds+/ \/mm (p1(s)r1, ro(s)T) dBy(s)

(1) = d /\/ dBy
/029157’2 s—|—0 p15r2 zs
t t
N (t :>/ d /\/ dB
3(t) ; r1(s)rsds + ; r1(s)ra dB3(s)
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Simulation - expectations
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SDEs - expectations
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FCLT for PEPA?

B Rates need to be fast for the approximation to work
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FCLT for PEPA?

B Rates need to be fast for the approximation to work

B However, even when not, trends seem to be reflected
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FCLT for PEPA?
—————

B Rates need to be fast for the approximation to work

B However, even when not, trends seem to be reflected

But how do we deal with (pathologically) slow rates such as
those caused by internal cooperation?

def

Ag = (a, A).A
N (D, B D)

e e
A1 :f (b, ‘I/l)A() ~ A <
Ny

f-Na,Na (a0, a1) =T (x2)A

This is discrete behaviour — fluid-flow approximation here is
not a good idea ...
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Hybrid models

de
A :f (z, 11).A1+ (2, 12). A2 de de

de BO = (b, 7’5).31 C() = (e, Tg).Cl
A1 = (b, 1’3).A0 de de

de Bl =f (d, 7’6)-B0 + (e, 1’7).30 C1 =f (f, 1’9) C()
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Hybrid models

AO d:€f (Z, 1’1).A1 + (Z, Tz).Az de de

de By = (b/ 75)'31 Co = (6, r8) C
A1 = (b, 1’3).A0 ef def

de Bl = (d, 7’6)-B0 + (e, 1’7).30 C1 = (f, 1’9) C()

- Lol (@) o)
] NA B ] C
N1
f (x1, x2, X3, X4, X5, Xg, X7) = I'(x2)1'(x3) ! ’ AT Na
N4, (Ny—k),k,0,0,0,0(X1, X2, X3, X4, X5, X¢, PR 1 2\ g

£0,0,0.1,—1,0,0(X1, X2, X3, X4, X5, X6, X7) = Xs57¢

PASTA 2007: Generatine SDEs from PEPA models — . 24 /62



Hybrid scheme

e BN 2 1N ~
X - y N, Ne
Ny
x1(t) = x1(0) — Ny i;;)Mi(t) + Ni(t) + Na(t) xa(t) = x4(0) — Ny () + N3 () + Nu(t)
N, | x5(t) = x5(0) + Ny (t) — N3(t) — Na(t)
%2(t) =20+ LINA =DM =Nilt) iy 1 0) = Ny(e) + Ns(8)
xy(t) = x7(0) + Nyg(t) — N5(t)
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Hybrid scheme

{z} {z} ICIEEN - ) fet g >
~ ~ d Np Nc
Ny
Ny
(0 =20 Na LMD E N EN0 ) y0) = Ny () + Na(e) + Nl
Na x5(t) = x5(0) + Ny () — N3(t) — Ny(t)
x2(t) — xZ(O) + z;o(NA - Z)Mz(t) - N1<t) x6(t) _ x6(0) . N4(t) + N5(t)
Ny X7(t) = X7(0) + N4<t) — N5(t)

Can we fluid-flow approximate the N;(¢) using our
FCLT and treat the M;(t) discretely?
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Hybrid scheme

B Can we fluid-flow approximate the N;(t) using
our FCLT and treat the M;(t) discretely?
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Hybrid scheme
]

B Can we fluid-flow approximate the N;(t) using
our FCLT and treat the M;(t) discretely?

B Not obviously — can’t simulate jump times for
M;(t) because their rates change continuously ...
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Hybrid scheme
]

B Can we fluid-flow approximate the N;(t) using
our FCLT and treat the M;(t) discretely?

B Not obviously — can’t simulate jump times for
M;(t) because their rates change continuously ...

B However, similar problems arise in the area of
financial modelling (specifically LIBOR markets)
— we adapt these methods to PEPA models ...
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Thinning

B Crucial point is being able to bound the rate of
the M;(t) - possible because PEPA models are
finite
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Thinning
——

B Crucial point is being able to bound the rate of
the M;(t) - possible because PEPA models are

finite
B We then simulate jumps at the maximum
(deterministic) rate in advance ...
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Thinning
——

B Crucial point is being able to bound the rate ot
the M;(t) - possible because PEPA models are
finite

B We then simulate jumps at the maximum
(deterministic) rate in advance ...

B By clever maths — ‘throw-away’ jumps that
turn out to be ‘wrong predictions” as we
simulate the continuous parts
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PASTA 22007: Gener;tingir&DEs from PEPA inodels — 0.1028 162



20 /62

—D

10

Generatine SDEs from PEPA models

10

L JJ\\J:X ll: /“C\Cf
I —_ —————
oregaq--mmm o mmmmmmmmeeees o — g
aaﬂ \\\\\\\\\\\\\\\\\\\\\\\\\\\ - - e
o - - - @ | |
———— i
I ——— |

PASTA 2007

Time, t
Time, t

———- S w\ww
T |

100
8o b
60
40+
20t
0
100
80 |
60 -1
40

sjuauodwod aAide Jo JaquinN Sjuauodwod aAIloe JO JaquinN




Contributions
O

B Novel decomposition of PEPA processes

m FCLT to approximate continuously-behaving
components

B Hybrid scheme to handle models with
discretely-behaving components
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Further work
O

B Generalisation of these techniques to other Markovian
modelling formalisms

B Similar FCLTs for non-Markovian modelling formalisms,
semi-Markov models?

B Nature of convergence rate of FCLT needs investigation
— highly mathematically technical — can we guarantee
at least trend will always be correct?

B Formal classification of the class of PEPA models for
which the SDEs have unique solution — technical to
check for each model

B Correct handling of out-of-bounds situations?
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PEPA syntax and semantics
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Syntax: seqguential components
c—

Su=(a,1).S|S+S|A

m Prefix: (a, r).S (designated first action)

m Choice: S + S (competing components — race)
m Constant: A 2 S (assignment of names)

Server = (task, r1).Server 4 (break, r;).BrokenServer
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Syntax: model components
]

Pu=S[PEEP[P/L

m Cooperation: P B P

¢ a & L = concurrent activity (individual actions)

¢ 1 € L = cooperative activity (shared actions)

m Hiding: P/L (abstractiona € L = a — T)

def
ServerFarm = Server B Server B Server

{reset} {reset}
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Semantics: seqguential

B Prefix;

(a,7)

(a,7).E —> E
g @ p pen p
(a,7) / (a,7) /
E+F —%5E E+F —5F
B Constant:
(a,7)
EXLE def
A (a,7) E/ (A = E)
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Semantics: model

] Hiding:
E M) E/ E (0(,1’) E/
E/HME//H (“%H) E/H (t,7) E’/H ((XEH)
] Cooperation:
E M) E’ r (a,7) o

eDp 00 p By @29) fDp 0 D (@9

E (Dé,rl) E/ _F (0(,1’2) F/

e r o8, p D p @es) What should R be?
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Timed synchronisation

How to specify the rate in a timed synchronisation
is not obvious ...

PASTA 2007: Generatine SDEs from PEPA models — . 37 /62



Timed synchronisation
]

How to specity the rate in a timed synchronisation
is not obvious ...
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Timed synchronisation
]

How to specity the rate in a timed synchronisation
is not obvious ...

Barrier synchronisation ...
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Timed synchronisation
]

How to specity the rate in a timed synchronisation
is not obvious ...

Barrier synchronisation ...
...but s is no longer exponentially distributed
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Timed synchronisation
]

How to specity the rate in a timed synchronisation
is not obvious ...

1
Py T> T>
IXI r=min(ry )
r r
P, T —

So we make an approximation — distribute
exponentially with rate min(ry, ;)
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Timed synchronisation
]

How to specity the rate in a timed synchronisation
is not obvious ...

1
L ——
IXI r=min(ry )
r r
P, T —

Restriction to exponential distribution = natural
interpretation of PEPA models as continuous-time
Markov chains = (relative) tractability

(back)

PASTA 2007: Generatine SDEs from PEPA models — . 40/62



Intuitionist ODE introduction
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ldea: ignore individuals
c—

B Stop trying to track the state of every component

B Instead just how many are in each state
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ldea: ignore individuals
c—

B Stop trying to track the state of every component
B Instead just how many are in each state

def
Processorg = (taskq, r1).Processory

def
Processory = (task;, r2).Processory

(tasky,r1/2)
(Po || Po || Po || Po) —=

(Pr || Po || Po |l Po)

(tasky,r1/2)
(Po || Po || Po || Po) —=

(tasky,r1/2)

(Po || Pr |l Poll Po)

(Po || Po || Po || Po)

(Po || Po || Pr || Po)

(tasky,r1/2)

(Po || Po || Po || Po) (Po || Po |l Poll Pr)
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Aggregated state space

def de

Processory = (a, r1).Processory  Processory = (b, ry).Processor
def def
Resourcey = (a, r3).Resource; Resourcey; = (c, rq).Resource
de
System = (Processorg || ... || Processory) [>{a}<] (Resourceg || ... || Resourcey)
Np N
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Aggregated state space

def de

Processory = (a, r1).Processory  Processory = (b, ry).Processor
def def
Resourcey = (a, r3).Resource; Resourcey; = (c, rq).Resource
de
System = (Processorg || ... || Processory) [>{a}<] (Resourceg || ... || Resourcey)
Np N

(((P. P). (Ro, Fi))}
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Aggregated state space

def de
Processory = (a, r1).Processory  Processory = (b, ry).Processor
def def
Resourcey = (a, r3).Resource; Resourcey; = (c, rq).Resource
de
System = (Processorg || ... || Processory) [>{a}<] (Resourceg || ... || Resourcey)
Np N

(@, min((FPy + Ljry, (Ro + 1)ra))

((iPo—1, P +1), (Ry— L Ry +1))) ((Fo, i), (Fo, Ba}}y  (((Po+ 1. P.—1). (Ro+1. E:i—1}))
L___h‘____—_—'d_ﬁ_l_ﬂ_ﬁ-ﬂ'

(@, min( Fyry, Rors))
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Aggregated state space

def de
Processory = (a, r1).Processory  Processory = (b, ry).Processor
def def
Resourcey = (a, r3).Resource; Resourcey; = (c, rq).Resource
de
System = (Processorg || ... || Processory) [>{a}<] (Resourceg || ... || Resourcey)
Np N

({(Po+1, P —1), (Ro, Ry)) {(P,— 1. Pi+1). (Ry, Ri))}

(b, (P + 1)jrp)

in((Po+ 1)r1, (Ro + 1)rs})

{((Po— 1L P+1), (Ry— L Ri+1))) (Po, 1}, (Fo, Ri))
'_h_h""———._.___,_—#—"fﬁ—’
(@, min{ Pyr1, Rora))

((Po+1, P —1), (Ro+1, Ry —1)))
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Aggregated state space

def de

Processory = (a, r1).Processory  Processory = (b, ry).Processor
def def

Resourcey = (a, r3).Resource; Resourcey; = (c, rq).Resource

de
System = (Processorg || ... || Processory) [>{a}<] (Resourceg || ... || Resourcey)

Ve Ve

Np Ng

{(((Po+1, P —1), (Ro. R1)) (b, (P, + 1)rs) {((Py,— 1. P+ 1). (Ro. B1))}
(b Pirs) 1({Pu+l}f‘11 R{Il‘l‘l}rﬂ-}}

({_{Pp—l P+ 1), (R — 1, Hl-i—lj']' G{Pﬂ, Pl} (Rﬂ Rl}} (_{Pp-l—l Py — 1), (Ro+ 1, Rl—l})

(a min(FPyry, Ror
(e, Byry)

(P P). (R, LR 1)) (e (By+1)ra) (5. ). (B, + LR, 1))
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Continuous approximation

((Py +1. P, —1). (Ro. R1)) b, (P + 1y AP —L P+ 1) (Ro R)J}

(151 Plf‘g} (CL i 1{(Pﬂ + l}i“h {Rﬂ + l}r‘g}}

{((Po— 1, Pi+1), (Ry— 1 R +1))) {((P. P1). (Ry, Ry)) (((Po+1. P —1), (Ry+1, R —1)))
L‘-——._____\_'_'__,_,_A—""FFF

(a, min(Byry, Ror

(e, Ryry)
('[{Pn- B}, '[Rr — 1, fﬁ + 1}}) (c' (Rl +1)ra) {{{Hr- P, {f'fn+ L, f‘"l - 1}})
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Continuous approximation

( F L. J'II_ 1}, {Hg. .".IJ_:: {l[:'. {Pl + I-J'I‘_'.I_I' (_ F L. 1“_ 1}, (Hg. .".IJ_ )
(b, Pyra) (e Anin(( Py + L)ry, (Fo + 1)ra))

(_1“ ..1“. PF Pl.l' H Hl”'

(i, 111111{!’,11 oFaT)
f" R]_J"J'
. (Hy 4+ 1)rag)

For large numbers of components approximate the
counters by real variables . ..

(T L)1}

Pg(t -+ dt) — P()(t) = — min(PO(t)rl, Ro(t)i’z)dt -+ szl(t)dt
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Continuous approximation

( F L. J'II_ 1}, {Hg. .".IJ_:: {l[:'. {Pl + I-J'I‘_'.I_I' (_ F L. 1“_ 1}, (Hg. .".IJ_ )
(b, Pyra) (e Anin(( Py + L)ry, (Fo + 1)ra))

(_1“ ..1“. PF Pl.l' H Hl”'

{a, 111111{!’,11 oFaT)
f" R]_J"J'
. (Hy 4+ 1)rag)

For large numbers of components approximate the
counters by real variables . ..

@ D

Pg(t -+ dt) — P()(t) = — min(Po(t)rl, Ro(t)i’z)dt -+ szl(t)dt
Can you see where this is going ... ?
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Continuous approximation

( E L. ,"'_ L}, { Ry, _-'.IJ_:: {h {P]_ + 1}]"-!]' (_ J = 1. J,-l. L}, (Ry. _,|'|"_ )
(b, Pyry) {a, Min({Fy + 1pr1, (B + 1)ra))

(_1"' 1. Pp P]__I' F H]_H

(e, min( P,rl o2t}
{-If" ..FIJ]_T'_I'
(1 + 1)rg)

For large numbers of components approximate the
counters by real variables . ..

PO(t + dt) — P()(t)
dt

(% L))}

= —min(Py(t)r1, Ro(t)rp) + raPi(t)
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Continuous approximation

( E L. ,"'_ L}, { Ry, _-'.IJ_:: {h {P]_ + 1}]"-!]' (_ J = 1. J,-l. L}, (Ry. _,|'|"_ )
(b, Pyry) {a, Min({Fy + 1pr1, (B + 1)ra))

(_1"' 1. Pp P]__I' F H]_H

(e, min( P,rl o2t}
{-If" ..FIJ]_T'_I'
(1 + 1)rg)

For large numbers of components approximate the
counters by real variables . ..
Po(t + dt) — Po(t)

dll}TO 3 = — min(PO(t)rl, Ro(t)rz) -+ szl(t)

(% L))}
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Continuous approximation

( E L. ,"'_ L}, { Ry, _-'.IJ_:: {h {P]_ + 1}]"-!]' (_ J = 1. J,-l. L}, (Ry. _,|'|"_ )
(b, Pyry) {a, Min({Fy + 1pr1, (B + 1)ra))

(_1"' 1. Pp P]__I' F H]_H

(e, min( P,rl o2t}
{-If" ..FIJ]_T'_I'
(1 + 1)rg)

For large numbers of components approximate the
counters by real variables . ..

(% L))}

dPo(t)
dt

= —min(Py(t)r1, Ro(t)rp) + raPi(t)

(back)
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ODE derivation using generating functions
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ldea
O

Consider a simple CTMC ...

T Naturally (formally) associated
with any CTMC are its Chapman-
Kolmogorov equations (in this case

infinitely-many):

AX)
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-
j”s;ff — A(x = 1)pea(t) — Axpe(t) x> 1
H = —Ap(h) ,

Define the moment-generating function for the
variable we are interested in:

M(6, t) := E [emﬂ]
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j“ff — A(x — 1)py1(t) — Axpe(t) x> 1
al = —Apa(t) ,

Define the moment-generating function for the
variable we are interested in:

M(0, t) := E {emﬂ
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-
dpy )
jdff = A(x = Dpea(t) = Axpa(t) x>1 ]
4 = —Ap(h) ,

Some (exciting) algebra later ...

oM 5 ..M
o M- Dog
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ldea

oM
or
Extract the first moment of X (t) (differentiate wrt. 0, set
6 =0):
dE[X(t)]
dt

...an ODE for the expected value of the counter

— AE[X()] = E[X(t)] = Ce™
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Formally deriving ODEs from PEPA models

def de
Processory = (a, r1).Processory  Processory = (b, ry).Processor
def def
Resourceg = (a, T).Resource; Resourcey; = (c, rq).Resource
de
System = (Processorg || ... || Processory) [>{a}<] (Resourceg || ... || Resourcey)
Np N

((Po+ 1. Pi—1). (Ro, 1)) b (P, + Drpy =1L Pi+1) (R F1)))

(b, Pra) (aanin{( Py + 1)ry, (Hy +1)T))

({_{f‘h— 1, P+ 1), (Ro— 1, F1 + I}D G(Pm P1). (Ro. Ri)) ({_{ﬂr-l—l- P, —1}). (Ro+ 1, B1— I}D

"“‘h——.__________,d_ﬂ—"'"

(e, min{FPyr1, Ry

(‘31 Ryryg)

((Fo, P}, (Ho — 1, By + 1)} (c' (Rl-l_l}“} "{{Pn- Pl}-{R+r+l-R1_l}},
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Formally deriving ODEs from PEPA models

G{Hr +1, P, —1), (Ry, R1}) (bi (Pl +l}f‘g} G{Hr — 1, P, + 1}, ( Ry, Fl]‘D

(b, Pyra) (a,in((Py + 1pr1, (Ro +1)T))

G{Hr—l-P1+l}-{H+t—l-Rl-i—l]"-}) G{Pm Pr), (R, Ry)) ({-{Hr+l- Py —1), (Fo + 1, By —I}D
w

(@, min(Pyry, Ry
(e, Ryry)
(e, (R1+ L)ry)

(5 P) (R LR+ 1)) (5. P). (Bo+ LR 1))

Define transition rate functions to classity transition
classes:

x1ry  ifxz >0

f_l,].,—].,l(-xll X2, x3, X4): mln(x:lrl, X3T): { .
0 if X3 = 0

f1-1.00(x1, X2, X3, X4)= X217

fo,0,1,—1(x1, X2, X3, X4)= X474
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Formally deriving ODEs from PEPA models

(R + 1 P. —1), (Ro, R1)) b (P, +1)y) (oL P+1) (Ro F)])

(b, Pyra) (a,s0in(( By + 11, (Ro + 1)rs))

((Po—1, P +1), (Ry— 1, B, + 1))} {(P. P1). (Ry. Ry)) ((Py+1, PL—1), (R +1 R — 1))}
w

(e, min{ Pyry, For
(e, Rary)
(e, (R1+1)rq)

‘{{Hr- Pl {f":n -1, f:l:ll + 1}}) ('[{Pn- P {f'ljn+ L, f‘"l — 1]'})

Define joint moment generating function:

M(Gl, 92, 93, 94, t) = E |:691P0(t)+92pl(t)‘|‘93R0(t)—|-94R1(i'):|

PASTA 2007: Generatine SDEs from PEPA models — . 59 /62



Formally deriving ODEs from PEPA models
- 0000
We show in general that:

aM . 91i1+...—|—9NiN o ) . a a
¥ = Z (e 1) fllr-'-rlN 8—91,..., % M(Gl,...,@N, t)

i1, ceey iNEZ

(2 d :
But f; i, (E’ e, m) must make sense, i.e. the

transition rate functions can only be polynomials
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Formally deriving ODEs from PEPA models
- 0000

We show in general that:

oM _ Opi1+...+ONi (9 9
— = ill...E’iNEZ (e 1+ +UNIN _ 1) fllz---rlN (891, ce ey 89N> M(Gl, ..., 0N, t)
S Jd 0 '
But le,...,zN (391' Ce. BGN) must make sense, i.e. the

transition rate functions can only be polynomials

For passive cooperation, might approximate:

, xqr1 it xz3 >0
min(xq71, x3 1) := ~ X171
0 if X3 — 0
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Formally deriving ODEs from PEPA models

G{Hr +1, P, —1), (Ry, R1}) (bi (Pl +l}f‘g} G{Hr — 1, P, + 1}, ( Ry, Fl]‘D

(b, Pyra) (a,in((Py + 1pr1, (Ro +1)T))

G{Hr—l-P1+l}-{H+t—l-Rl-i—l]"-}) G{Pm Pr), (R, Ry)) ({-{Hr+l- Py —1), (Fo + 1, By —I}D
w

(@, min(Pyry, Ry
(e, Byry)
(e, (R1+ L)ry)

(5 P) (R LR+ 1)) (5. P). (Bo+ LR 1))

+ 1 (M7 — 1) 319\/1 Fry (6% — 1) ?)TM
2 4
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Formally deriving ODEs from PEPA models

G{Hr +1, P, —1), (Ry, R1}) (bi (Pl +l}f‘g} G{Hr — 1, P, + 1}, ( Ry, Fl]‘D

(b, Pyra) (a,in((Py + 1pr1, (Ro +1)T))

G{Hr—l-P1+l}-{H+t—l-Rl-i—l]"-}) G{Pm Pr), (R, Ry)) ({-{Hr+l- Py —1), (Fo + 1, By —I}D
w

(@, min(Pyry, Ry
(e, Ryry)
(e, (R1+ L)ry)

(5 P) (R LR+ 1)) (5. P). (Bo+ LR 1))

% — — 1 E[Py(t)] + rE[P1(t)]
W — 1E[Py(t)] — r2E[Py ()]
% — —rE[Py(t)] + r4E[Ry ()]
% — rE[Py(t)] — r4E[Ry(1)]
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