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Stochastic Bounds
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Stochastic Ordering

How do we compare two random variables, X and Y ?
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Stochastic Ordering

How do we compare two random variables, X and Y ?
X and Y must take values on the same state space, (S; ).

For a class of functions F, we say that X < ¢ Y if for all
f2F:
E[f (X)I  E[f (Y)]

We will use the strong stochastic ordering : F IS the set of
Increasing functions.

Equivalent de nition: X < 4 Y ifforallk 2 S:

Pr(X k) Pr(Y k)
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Stochastic Ordering - Example

Consider the following discrete random variables:

K A | B |C|D
Pr(X =k)|04|03|0:2]|0:1
Pr(Y =k) |0:3]04|0:1]|0:2
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Stochastic Ordering - Example

Consider the following discrete random variables:

¢ A | B | C | D
Pr(X =k)|04|03|0:2]|0:1
Pr(Y =k) |0:3]04|0:1]|0:2
X < & Y since:
0:1 02
0:1+0:2 02+0:1
0:1+0:2+0:3 02+0:1+0:4

0:1+0:2+0:3+0:4

0:2+0:1+0:4+0:3
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Ordering Markov Chains

Let f X{g and f Y;g be discrete time Markov chains.
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Let f X{g and f Y;g be discrete time Markov chains.
fXig<gs fY:qif for all t:

Xt <st Yt
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Ordering Markov Chains

Let f X{g and f Y;g be discrete time Markov chains.
fXig<gs fY:qif for all t:

Xt <st Yt

So far not very useful — let us look at the probability
transition matrices.
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Ordering Markov Chains

Let f X{g and f Y;g be discrete time Markov chains.
fXig<gs fY:qif for all t:

Xt <st Yt

So far not very useful — let us look at the probability
transition matrices.

Let f X{g and f Y;g have transition matrices Px and Py .
fXig<s fYiQif:

Xo <st Yo

Px <st Py

At least one of Px and Py is monotone.
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So, How do we Compare Stochastic Matrices?

Easy — by row-wise comparison.
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So, How do we Compare Stochastic Matrices?

Easy — by row-wise comparison.

For stochastic matrices P and Q over the state space
(S; ),P <4 qQifforallx 2 S:

I:)x; st Qx;
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So, How do we Compare Stochastic Matrices?

Easy — by row-wise comparison.

For stochastic matrices P and Q over the state space
(S; ),P <4 qQifforallx 2 S:

I:)x; st Qx;

Example:

0 1 0 1
0.8 02 0O 06 03 01

%@0:2 0.0 O:8£<stEDO:O 0.0 1:0&
1:0 00 OO0 1:0 00 OO0

|
Stochastic Bounding of PEPA Models — p.9



What About Monotonicity?

Monotonicity ensures that the probability mass is always
moving “up” the state space.
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What About Monotonicity?

Monotonicity ensures that the probability mass is always
moving “up” the state space.

A stochastic matrix P over the state space (S; ) is
monotone if forallx y2 S:

Px: st Py;
Why is monotonicity essential? Consider:
0 1 0 1
0 10 0O 0 1

B0 1 0X<q@0 0 1K

1 0 0 1 0 O
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What About Monotonicity?

Monotonicity ensures that the probability mass is always
moving “up” the state space.

A stochastic matrix P over the state space (S; ) is
monotone if forallx y2 S:

Px, st Py

Why is monotonicity essential? Consider:

0 1 0 1
0O 1 0 0O 0 1

B0 1 0X<q@0 0 1K

1 0 0 1 0 O

Starting in state (1; 0; O):

(1;0;0) <<t (1;0;0)
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What About Monotonicity?

Monotonicity ensures that the probability mass is always
moving “up” the state space.

A stochastic matrix P over the state space (S; ) is
monotone if forallx y2 S:

Px, st Py

Why is monotonicity essential? Consider:

0 1 0 1
0O 1 0 0O 0 1

B0 1 0X<q@0 0 1K

1 0 0 1 0 O

Starting in state (1; 0; O):
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What About Monotonicity?

Monotonicity ensures that the probability mass is always
moving “up” the state space.

A stochastic matrix P over the state space (S; ) is
monotone if forallx y2 S:

Px, st Py

Why is monotonicity essential? Consider:

0 1 0 1
0O 1 0 0O 0 1

B0 1 0X<q@0 0 1K

1 0 0 1 0 O

Starting in state (1; 0; O):

(0;1,0) 84t (1;0;0)
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Continuous Time Markov Chains

So far we have only considered DTMCs.
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Continuous Time Markov Chains

So far we have only considered DTMCs.

For a CTMC with generator matrix Q, we perform
uniformisation
Q

P=1+ =

where max;f] ¢ Jg.
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Continuous Time Markov Chains

So far we have only considered DTMCs.

For a CTMC with generator matrix Q, we perform
uniformisation
Q

P=1+ —
where max;f] ¢ Jg.

Perform stochastic comparison on P after uniformisation
using the same
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Algorithmic Construction of Bounds
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The Basic Algorithm

Jean-Marc Vincent et al [1998] propose the rst algorithm for
deriving a monotone upper-bounding chain.
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The Basic Algorithm

Jean-Marc Vincent et al [1998] propose the rst algorithm for
deriving a monotone upper-bounding chain.

Let R be an upper bound of the stochastic matrix P. We
require that:

Foralli, P, <g Rj .
Foralli,Rj 1. <sR;: .
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The Basic Algorithm

Jean-Marc Vincent et al [1998] propose the rst algorithm for
deriving a monotone upper-bounding chain.

Let R be an upper bound of the stochastic matrix P. We
require that:

Foralli, P, <g Rj .
Foralli,Rj 1. <sR;: .
Let the elements of R be the maximum of the left-hand sides:
8 9
<X xXn = xXn
Rij = max Ri 1k; Pi-k . Rik
k=i k= | ’ k=j+1
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The Basic Algorithm

Jean-Marc Vincent et al [1998] propose the rst algorithm for
deriving a monotone upper-bounding chain.

Let R be an upper bound of the stochastic matrix P. We
require that:

Foralli, P, <g Rj .

Foralli,Rj 1. <sRj: .

Let the elements of R be the maximum of the left-hand sides:
8 9
<X hd = hd
Rjj =max Ri 1x;  Pik. Rix
k=i k= | ’ k=j+1
Jean-Michelle Fourneau et al [2004] improve the algorithm,

so that it nds a monotone, irreducible and lumpable
upper-bounding matrix.
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Ordinary Lumpabillity
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Ordinary Lumpability
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Applying Stochastic Bounds to PEPA
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Compositional Bounds

PEPA models are constructed compositionally .
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But the techniques we have seen require the complete
Markov chain Of the system to be constructed.
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Compositional Bounds

PEPA models are constructed compositionally .

But the techniques we have seen require the complete
Markov chain Of the system to be constructed.

Can we apply stochastic bounds compositionally?

Construct a bound for each sequential component
Independently, and compose the bounds.
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Abstract Interpretation of PEPA

Aggregate
CTMC

A

Fourneau’s
algorithm

PEPA | cruec
MO del semantics

» CTMC
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Abstract Interpretation of PEPA

Aggregate
CTMC
S
V< >a
PEPA S
Model | GIMG
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Kronecker Form of PEPA Models

To deal with PEPA models, we must consider how the
underlying generator matrices are composed under
synchronisation.
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Kronecker Form of PEPA Models

To deal with PEPA models, we must consider how the

underlying generator matrices are composed under
synchronisation.

Use Kronecker form [Hillston,Kloul 2001].
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Kronecker Form of PEPA Models

To deal with PEPA models, we must consider how the
underlying generator matrices are composed under
synchronisation.

Use Kronecker form [Hillston,Kloul 2001].

types 2 Z synchronised:

X M
Q= Qi;
27 i=1 |
X ) |
+ minfry. ;e @ P;. I
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Properties for Ordering and Monotonicity

To be able to compose any bounds, we need to consider r;
and P; seperately.
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Problem - when we subtract elements from the diagonal, we
can break everything!
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Problem - when we subtract elements from the diagonal, we
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Need to extend to rate-wise stochastic ordering

For generator matricesQ =r (P | ) and
Q% = %P2 ), wesaythatQ <. QU if:
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Properties for Ordering and Monotonicity

To be able to compose any bounds, we need to consider r;
and P; seperately.

Problem - when we subtract elements from the diagonal, we
can break everything!

Need to extend to rate-wise stochastic ordering

For generator matricesQ =r (P | ) and
Q% = %P2 ), wesaythatQ <. QU if:
1. P <4 PO
2. For all states c:
- P (c; 19
rO(C) : EQ{CO (C,d) E
1 min _ X

(@ ez’ pocd 13
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Properties for Ordering and Monotonicity

This almost works, but there are problems when we
compose, due to the minimum function.

|
Stochastic Bounding of PEPA Models — p.22



Properties for Ordering and Monotonicity

This almost works, but there are problems when we
compose, due to the minimum function.

Need to de ne a context-bounded rate-wise stochastic ordering

Stochastic Bounding of PEPA Models — p.22



Properties for Ordering and Monotonicity

This almost works, but there are problems when we
compose, due to the minimum function.

Need to de ne a context-bounded rate-wise stochastic ordering
Extend the previous condition:

8 X 9]
; 3 P (c;d) 1z

1 max r(C);A min %¢
r (o) ¢z PYcd 13

d c°
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Properties for Ordering and Monotonicity

This almost works, but there are problems when we
compose, due to the minimum function.

Need to de ne a context-bounded rate-wise stochastic ordering
Extend the previous condition:

8 X 9
; 3 P(d 13

1 max - (C);A min %¢
r (o) ¢z PYcd 13

d 0

A is the maximum value of ;0 Eg in the context of the
component.
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Properties for Ordering and Monotonicity

This almost works, but there are problems when we
compose, due to the minimum function.

Need to de ne a context-bounded rate-wise stochastic ordering
Extend the previous condition:

8 X 9
; 3 P(d 13

1 max - (C);A min %¢
r (o) ¢z PYcd 13

d 0

A is the maximum value of ;0 Eg in the context of the
component.

Algorithm : rst nd upper bounds of the rate vectors, then

apply the same algorithm to the probabilistic transition
matrices, with two additional constraints.
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Concluding Remarks
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Conclusions

This method gives exact bounds , but not necessarily precise
ones.
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Conclusions

This method gives exact bounds , but not necessarily precise
ones.

It is dif cult to decide a good partitioning , Or state space
ordering for sequential components.

On the plus side, the results here are fairly general, and we
should be able to get tighter bounds for more speci c
classes of model.

Summary: a lot more interesting work left to be done!
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Questions?
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