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Plan of the talk

Reversibility and reversed processes simplify the study of
finding steady state distributions.

Reversibility It has applications in biology and complex
systems.

We will study reversed process in the context of CTMC.

Stochastic process algebra embeds CTMC

What does it mean to have reversible/reversed processes in
process algebra?



Reversible processes

If {X(t1),X(t2), . . .X(tn)} has the same distribution as
{X(τ− t1),X(τ− t2), . . .X(τ− tn)} then the process is
called reversible.

Reversible processes are stationary.

Reversible processes and satisfy the detailed balance
equation

π(i)qi j = π( j)q ji

(viceversa)

Kolmogorov’s criteria Markov process is reversible if and
only if

q j0 j1q j1 j2 . . .q jn j0 = q jn j0q jn jn−1 . . .q j0 j1

for any finite sequence of states.
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Markov Chains via Process algebra
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Reversible processes in PEPA

Let’s consider the birth and death processes:

P0 = (a,λ).P1
Pn = (a,λ).Pn+1 +(s,µ).Pn−1 n = 3

This process is reversible:

qP0,P1qP1,P0 = qP0,P1qP1,P0

qP0,P1qP1,P2qP2,P1qP1,P0 = qP0,P1qP1,P2qP2,P1qP1,P0
... =

...



Reversed processes

Reversibility is a very strong condition.

Most Markov processes (thus PEPA process) are not
reversible, that is not to say that the reversed process has
not any interest.

With the reversed process it is easy to calculate steady state
distribution.

Markov process with generator matrix Q and the reversed one
with generator matrix Q if and only if

π( j)q ji = π(i)qi j



Reversed processes in PEPA

P0 = (a,λ).P1
P1 = (b,µ).P2
P2 = (c,γ).P0

P0 = (c,γ).P2

P2 = (b,µ).P1

P1 = (a,λ).P0

What are the reversed rates γ,µ,γ?



Reversed rates

Reversed rates can be calculate using Kolmogorov’s generalised
criteria: A Markov process with the generator matrix Q and the
reversed process has the generator matrix Q if and only if for
every finite sequence of states

qi = qi
q j0 j1q j1 j2 . . .q jn j0 = q j0 jnq jn−1 jn . . .q j1 j0

In the previous case we have that γ = λ,λ = µ,µ= γ.



More on reversed rates

P0 = (a,λ).P1 +(d,δ).P1
P1 = (b,µ).P2
P2 = (c,γ).P0

P0 = (c,γ).P2

P2 = (b,µ).P1

P1 = (a,λ).P0 +(d,δ).P0

Now what is the reversed rates of δ,λ? We have by Kolmogorov
criteria the following set of equations:

δ+λ = γ µ= δ+λ γ = µ



More on reversed rates

P0 = (c,δ+µ).P2

P2 = (b,γ).P1

P1 = (a, λ
λ+δµ).P0 +(d, δ

λ+δµ).P0

One can generalise this definition and had a way of obtaining the
reversed rate in case of multiple actions that is

qP,a,P′ =
qP,a,P′

qP,P′
qP,P′



Reversed PEPA symbolic processes

The reversed process P is defined as follows:

T
df
= ∑

i:Si
(ai ,ri )

−−−→T
(ai , r i).Si

N1 ��L
N2

df
= N1 ��L

N2

The real process is the one where reversed rates λ = r with r ∈ IR



RCAT

P��
L

Q be the PEPA process such that the processes P and Q
are irreducible. Given that:

every passive action type in PP(L) or PQ(L) is always
enabled in P or in Q.

every reversed action of an active action type in AP(L) or

AQ(L) is always enabled in P or in Q.

for all a∈ AP(L) qP,a,P′ = qP,a,P′ and for all a∈ AQ(L)
qQ,a,Q′ = qQ,a,Q′

then the reversed agent P��
L

Q, is:

R∗��
L

S∗

where:



RCAT (Cont.)

R∗ = R{(a, pa)← (a,⊤) | a∈ AP(L)}
S∗ = S{(a,qa)← (a,⊤) | a∈ AQ(L)}
R = P{(a,⊤)← (a,xa) | a∈ PP(L)}
S = Q{(a,⊤)← (a,xa) | a∈ PQ(L)}.

The symbolic rates {xa} are given by the solution of the following
set of equation:

⊤a = qa if a∈ PP(L)
⊤a = pa if a∈ PQ(L)

and pa,qa are the symbolic actions of type a in P and Q
respectively.



Application to simple process

A = (a,λ).A
B = (a,⊤).B
C = (c,γ).(d.δ).C

A��
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A��
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A��
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Cont.

where C = (d.δ).(c,γ).C by RCAT xa = λ = λ thus we have

A = (a,⊤).A
B = (a,λ).B
C = (d.δ).(c,γ).C

What if there is more than one action moving from one state to
another?



Networks of queues

N1,0 = (e1,λ1).N1,1 +(a2,1,⊤2,1).N1,1
N1,n = (e1,λ1).N1,n+1 +(a2,1,⊤2,1).N1,n+1

(a1,2, p1,2µ1).N1,n−1+
(d1,(1− p1,2)µ1).N1,n−1

N2,0 = (e2,λ2).N2,1 +(a1,2,⊤1,2).N2,1
N2,n = (e2,λ2).N2,n+1 +(a1,2,⊤1,2).N2,n+1

(a2,1, p2,1µ2).N2,n−1+
(d1,(1− p2,1)µ2).N2,n−1

N1,0 ��
{a2,1,a1,2}

N2,0



Reversed the queues

N1,0 = (e1,λ1).N1,1 +(a2,1,x2,1).N1,1
N1,n = (e1,λ1).N1,n+1 +(a2,1,x2,1).N1,n+1

(a1,2, p1,2µ1).N1,n−1+
(d1,(1− p1,2)µ1).N1,n−1

Reverse the queue:

N1,0 = (d1,1− p1,2)µ1).N1,1 +(a2,1,x2,1).N1,1

N1,n = . . .



The rates

By condition 3 we have that:

x2,1 = qN2,n,N2,n−1 = p12µ1 = p21µ2
µ2

(λ2 +x1,2) = p21v2

x1,2 = qN1,n,N1,n−1 = p12(λ1 +x2,1)

We assume that the following rates are known:

qN1,n,N1,n−1 = µ1

qN1,n,N1,n+1 = v1

qN2,n,N2,n−1 = µ2

qN1,n,N2,n+1 = v2

d1 = e1
a1 = a1
e1 = d1

... =
...



So..........

N1,n = (e1,
λ1
v1

µ1).N1,n−1 +(a21, x21
v1

µ1).N1,N−1

(d1,(1− p21)v1).Nn+1 +(a2,⊤).N1,n+1

The same for the node N2,n.



Conclusions

RCAT gives a natural way to find the reversed PEPA process.

The reversed rates have to been KNOWN.

RCAT can be applied to other kinds of process algebra.

RCAT can be applied to process algebra with immediate
actions without any significant modification: it suffice to
make vanish the immediate actions.



Thanks
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