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Ordinary Differential Equations

Benefits

e Adequate when dealing with large numbers of molecules

@ Discreteness and noise have no macroscopic effects

Drawbacks

@ Not able to provide a fully physically accurate representation
of the noise amplification
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Stochastic Simulation Algorithms

Benefits

@ Simulate accurately all those dynamics by using a
discrete-space Markov process

o Great improvement with the introduction of the Gillespie's
T-leap method

Drawbacks
@ Great amount of computation time to solve
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Stochastic Differential Equations

Benefits

@ Combination between a deterministic and a stochastic
approach

o Easy to develop

o Fast to solve

Drawbacks
@ Not suitable for multi-scale problems
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SDEs, used to solve chemical reactions, are Markov processes
described by the Chemical Langevin Equation (CLE).

Assumptions
o Y(t)! RN is the state vector of a continuous time,
real-valued stochastic process at the time t

@ Yj(t) is a real-valued random variable representing the number
of molecules of the ith species

° ! RN is stoichiometric or state-change vector

@ a(Y(t)) is the propensity function, which gives us the
probability this reaction will take place in the infinitesimal
interval time [t, t + dt)
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Having made this assumption, CLE takes the It6 form

M M
dY(t) = > wa(Y(®)dt+ > viy/a(Y(1)dW(t)
j=1 j=1

where the Wj(t) are independent Wiener processes. A Wiener
process is a stochastic process satisfying

E(W(t) =0,  E(W(t)W(s)) = min{t,s}

The Wiener increments are independent Gaussian processes with
mean 0 and variance [t" s|. The Wiener increment

I W(t) # y/(t + 7)" W(t) is a Gaussian random variable
N(0,7) = = 7N(0,1).
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The Euler-Maruyama method can be use as numerical solution of
the problem.

M $7 M
Y(t+ )= YO + 7Y _vag(Y(O) + 7Y vy\/a4(Y(D)Z
j=1 ji=1

Such equation can be divided in four main components: the
previous result, the drift and the diffusion term, and the white noise.

drift dilu sion

DFEV M M noise

Y(t+ )= Y@+ > va (YD) + FZ a(Y(D) &2

j=1 i=1
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o Michaelis-Menten
@ Schlogl
o Lotka-Volterra

Simulators

ODEtoJava

Gillespie's direct method
Gibson - Bruck algorithm

°
°
o Gillespie's T-leap
°

Stochastic Differential Equations
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The Michaelis-Menten model

E = 100;
S = 100;
P =0;

ES =0;

enzyme_substrate combine, E + S -> ES, 1.0;
enzyme _substrate separate, ES -> E + S, 0.1;
make product, ES -> E + P, 0.01;
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Figure: Michaelis-Menten Charts: ODE - SDE
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The Schlogl model

X = 250;

cl = 3E-7; c2 = 1E-4; c3 = 1E-3; c4 = 3.5;
N1 = 1E5; N2 = 2E5;

R1, -> X, [(c1/2)*N1*X*(X-1)];

R2, X -> , [(c2/6)*X*(X-1)*(X-2)];

R3, -> X, [¢3*N2];

R4, X -> , [c4*X];
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The Lotka-Volterra model

food = 1,
prey = 1000;
pred = 1000;
natc = 0;

rl, food + prey -> prey + prey + food, 10;
r2, prey + pred -> pred + pred, 0.01;
r3, pred -> natc, 10;
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Comparison of Solution Techniques

’ Algorithm/Model H Michaelis ‘ Schlogl ‘ Lotka

ODEs 0.93 0.181 | 0.25¢
Gillespie's SSA 0.15 3.72 7.38
Gibson-Bruck Next R. 0.16 4.01 7.65
Gillespie's 7-leap 0.12 3.69 7.12
SDEs 2.81 478 2.83

1ODEs becamestable after a very shat amount of time, so this method is
not relewvant
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Thank you for your attention, questions?
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