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@ Stochastic process algebras have enjoyed considerable
success in quantified analysis;

@ But there is a problem of state space explosion which
limits the size of the system;

e Hillston and her collaborators have developed a new approac

continuous state space approximation—to avoid this prob-
lem;
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Stochastic process algebras have enjoyed considerable
success in quantified analysis;

But there is a problem of state space explosion which
limits the size of the system;

Hillston and her collaborators have developed a new approac
continuous state space approximation—to avoid this prob-
lem;

This approach results in a set of ordinary differential
equations (ODEs), leading to the evaluation of transient
and, in the limit, steady state measures;
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e Questions about the theoretical aspects of the ODEs:
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e Questions about the theoretical aspects of the ODEs:
e The existence and uniqueness of solutions?
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e Questions about the theoretical aspects of the ODEs:

e The existence and uniqueness of solutions?

e Do the solutions converge to finite limits as time goes
to infinity (just like the probability distribution of the
corresponding Markov chain goes to steady state distri-
bution)?

o What is the relationship between the ODEs and the Markov
chain of the same PEPA model?
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e Questions about the theoretical aspects of the ODEs:

e The existence and uniqueness of solutions?

e Do the solutions converge to finite limits as time goes
to infinity (just like the probability distribution of the
corresponding Markov chain goes to steady state distri-
bution)?

o What is the relationship between the ODEs and the Markov
chain of the same PEPA model?

o We investigate these problems and show some theoretical
results in this talk.



On ODEs
From PEPA
Models

Jie Ding

Outlines
Introduction
ODEs From
PEPA
Models

Features of
ODEs

Main
Theoretical
Results
Conclusions

Acknowle

Reference

e Questions about the theoretical aspects of the ODEs:

e The existence and uniqueness of solutions?

e Do the solutions converge to finite limits as time goes
to infinity (just like the probability distribution of the
corresponding Markov chain goes to steady state distri-
bution)?

o What is the relationship between the ODEs and the Markov
chain of the same PEPA model?

o We investigate these problems and show some theoretical
results in this talk.
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To avoid the problem of state space explosion, Hillston pro-
posed a radically different approach in [2] from the following
two perspective:

e Instead of calculating the probability distribution, choos-
ing a more abstract state representation in terms of state
variables, quantifying the types of behaviour evident in
the model.
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To avoid the problem of state space explosion, Hillston pro-
posed a radically different approach in [2] from the following
two perspective:

e Instead of calculating the probability distribution, choos-
ing a more abstract state representation in terms of state
variables, quantifying the types of behaviour evident in
the model.

e Assuming that these state variables are subject to con-
tinuous rather than discrete change.
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Jane used a new state representation—mnumerical vector form
in [2]. Let N(Cj;,t) denote the jth entry of the ith subvec-
tor at time ¢, i.e. the number of instances of the jth local
derivative of sequential component C;. Then,

dN (Cy;,t)

yr = — Z exit rate from C’i]. to Cj,

k:Ci; Cdz

+ Z entry rate into C’ij from Cj,

kO _>(a") O
L ij
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def
Processorg = (taskl,ry).Processory

def

Processory = (task2,r3).Processory
def

Resourceg = (taskl,ry).Resource;

def
Resourcey = (reset, s).Resourceg

Processorg|| - - - || Processorg
- -

-

N copies

{tas

B9 Resourceg||- - - || Resource
RN

S

M copies
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W = —rymin{N(prog,t), N(reso,t)} + roN(proy,t
% = rymin{N(prog,t), N(reso,t)} — 12N (pro1,t)
W = —rymin{N(proo,t), N(reso,t)} + sN(resi,t)
w = rymin{N(prog,t), N(resg,t)} — sN(resi,t)

where N (proo,t), N(proi,t), N(resp,t), N(resi,t) represent

the number of processors and Resourcey in the states of
Processory, Processory, Resourcey, Resourcey at time t re-
spectively.
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dN (Cy,, t)

pr = — Z exit rate from C; ; to Cs,

k:Ci; L9 0
4 Z entry rate into C;; from Cj,
(a,)

k:Cik —>Cij
Notice such an important fact: the sum of all exit activities
rates equal to the sum of all entry activities rates for each
type of component at any time, since the system is closed
and there is no exchange with outside environment.
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This implies

So we have

For all C,

<

min ~ {N (Cy,,t)} < N(C;;,1).

Ck, €EEz(a,r)

>

(a,r)EEZ (C,-j)

>

(a,r)EEz(a,r)

r X min
Ck, €EEz(a,r)

r X N(Cij,t)

{N (Cr 1)}
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ODEs
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eoretica.
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Wil N (prog,0) = 0, N(proy,0) = 100, N(resp,0) = 0, N(resy,0) = 40.

Jie Ding The numerical solutions are as following
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0 < N(prog,t), N(proy,t) < 100,
0 < N(resp,t), N(resy,t) < 40,

which are consistent with the Theorem 2.




On ODEs
From PEPA
Models

Jie Ding

Outlines
Introduction
ODEs From
PEPA

Models

Features of
ODEs

Main
Theoretical
Results

Conclusions

Acknowledge

Reference

— o Processor,
—s— Processor,

—&— Resource,| |

—+— Resource,|

Number

@ The solutions in above figure converge to finite limits as time
goes to infinity.

@ It is true, for this tiny example, we can prove it.
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@ Unfortunately, for general cases, we have no theoretical results
yet.
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Unfortunately, for general cases, we have no theoretical results
yet.

But for non-synchronised PEPA models, we have - -----
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1eorem

Suppose N (C’ij,t) satisfy (4), then for any nonnegative ini-
tial values, we have

tlim N(Cij,t) = N(Cij, OO) S N(Ci)w(Cij,oo), Vl,] (5)

where m(C; j,00) are the corresponding steady state dis-
tribution ( of the Markov chain underlying the one-copy-
component PEPA model).
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Theorem

Suppose N (Cij,t) satisfy (4), then for any nonnegative ini-
tial values, we have

tlim N(Cij,t) = N(Cij,oo) S N(Ci)w(Cij,oo), V’L,] (5)

where m(C; j,00) are the corresponding steady state dis-
tribution ( of the Markov chain underlying the one-copy-
component PEPA model).

y

It has been shown in [1] that for some special examples the
equilibrium points of the ODFEs coincide the steady state prob-
ability distributions. This theorem tells us that this kind co-
incidence is universal for PEPA models without synchronisa-
tion.
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Suppose @ is the infinitesimal matrix of a CTMC, the prob-
ability distribution m(t) satisfies
dm(t)
dt

=7(t)Q

To my best knowledge, even for the linear ODEs, no one
has shown the proof of the convergence of 7(t) based on the
ODEs’ theory (of course except for some special cases). The
general proof of the convergence is just based on a probabilis-
tic method.
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The derived ODEs from PEPA models are usually nonlinear
which is due to synchronisation. We also couldn’t totally rely
on probabilistic methods since the relationship between de-
rived ODEs and the CTMCs has not been very well known.
So, We have to face the difficulties in dealing with the non-
linearity.



On ODEs
From PEPA
Models

Jie Ding

Outlines
Introduction
ODEs From
PEP

Models

Features of
ODEs
Main
Cheoretical

Results

Conclusions

Acknowledge

Reference

e The existence, uniqueness and boundedness of solutions
of the derived ODEs;

e Convergence of the solutions for non-synchronised cases
as well as its relationship to the steady state distributions
of some Markov chains;

e Difficulty for synchronised models: synchronisation re-
sults in nonlinearity.
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