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Abstract

This paper is an attempt to give a clear semantics of an extension of PEPA that deals with
massively parallel processes that can model both computer and biological systems. The semantics is
defined as the expectation of the number of components in their different states with respect to time.
Unfortunately, it is shown that it is not always possible to express the result of this semantics by a
small set of coupled ordinary differential equations like in the previous works [2, 1, 4].

1 Introduction

PEPA is a stochastic process algebra defined by Jane Hillston [3] that permits to construct continuous
time Markov chains (CTMCs) in a compact and elegant way. It uses a small set of operators that allow
to define sequence, choice or synchronisation of actions. This makes it easy to defined in a couple lines
huge state space models, usable, then, as the input of many tools.

However, a model with too many states can be hard, even impossible, to analyse. For this reason
recent works has been made to give PEPA an additional semantics. That semantics makes an abstraction
of the exact description of the state space and considers instead the evolution of the number of identical
components in their different states with respect to time [2, 1, 4]. The PEPA model is then interpreted as
a set of coupled ordinary differential equations (ODEs) where each equation describes the evolution of the
number of each component in each state. Such an abstraction may reduce greatly the size of the model
since the size of the obtained ODE system might not depend on the number of identical components
inside the PEPA model.

In this paper we express this semantics in terms of the expectation of the number of each component in
their different states. We will show that, in the most obvious case (when the processes are independent),
this semantics can be described by a small set of ODEs. For the other cases we do not know, but we give
an exemple that cannot be expressed by a small set of ODEs, and that can let us think that in many
cases this semantics cannot be reduced by small set of ODEs.

1.1 Outline

The paper is organised as follow : Section 2 recalls what the process algebra PEPA is and defines two
extensions of it. The first one completes the cooperation operator with another kind of interaction suitable
to describe the multiplication of mass actions when modelling, for instance, kinetic reactions. Section 3
gives the definition of the semantics of such a double extension (massively parallel processes and mass
actions) in terms of the expectation of the number of each component in each state with respect to time.
Section 4 concludes.

∗Laboratory for Foundations of Computer Science, The University of Edinburgh, Scotland.

Email:ngeiswei@inf.ed.ac.uk

1



2 PEPA and its extensions

The definition of PEPA is only briefly recalled here. For further information the reader is invited to refer
to [3]. A PEPA model is :

1. A set of declarations. A declaration is denoted :

C
def

= S

where S is a PEPA term denoting a sequential process (or simply called a component) and follows
the syntax :

S := (α, r).S | S + S | C

2. A root term or system equation is a PEPA term obtained by the following rules :

P := P ⊲⊳
L

P | P/L | S

where S is a PEPA term denoting a sequential process.

2.1 PEPA with the additional mass action cooperation

Here we define an extension of PEPA that can model, amongst others, the multiplication of the mass
actions of biological kinetic reactions. To do that the cooperation synchronisation is extended with
another kind of synchronisation. To represent this other kind, the cooperation operator is denoted in the
following way :

P
H

⊲⊳
L

Q

The cooperation operator uses two sets of actions, H and L.

• L contains the cooperating actions that follow the standard semantics of PEPA, that is, which
respect the definition of the bounded capacity :

– the resulting rate, denoted R, of the cooperation on the action α between two transitions of
rates respectively, r1 and r2 placed on the components P and Q is defined by :

R =
r1

rα(P )
×

r2

rα(Q)
× min(rα(P ), rα(Q))

where rα(P ) and rα(Q) denotes the apparent rate of α from P and Q respectively.

• H contains the cooperation actions that follow the multiplication of mass actions, as in biological
kinetic reactions :

– this time the resulting rate is :
R = r1 × r2

– The apparent rate is defined consequently :

rα(P
H

⊲⊳
L

Q) = rα(P ) × rα(Q)

Appendix A contains an example of a biological kinetic reaction that uses this kind of cooperation.

2.2 PEPA for massively parallel processes and mass actions

The extension of PEPA for massively parallel processes has been defined in [2, 1, 4]. It consists of :

1. A additional notation which permits to define easier the parallelism of a certain number of identical,
independent processes :

P [n] = P || . . . ||P
︸ ︷︷ ︸

n
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2. An algorithm to construct a set of coupled ODEs modelling the number of components in their
different states with respect to time.

So the definition of PEPA for massively parallel processes and mass actions is :

1. a set of declarations, each noted :

C
def

= S

with S a PEPA term designing a sequential process

S := (α, r).S | S + S | C

2. a root term :

P := P
H

⊲⊳
L

P | P/L | (S1[n1]|| . . . ||Sk[nk])

where S1, . . . , Sk define all states of the sequential process S. Also a mass of a sequential process can
only be used once, no more. This is to ensure that the expectation of the states of this process will match
with the mass action of the other processes (in other words the mass of a sequential process can not be
split in two different areas).

3 Semantics of this double extension

In this section we defined the expectation of the number of each component in each state w.r.t. time of this
double extension (mass actions and massive parallelism) and try to express this expectation as a small set
of coupled ODEs. Unfortunatly we succeed only for the simplest case when the processes are independent.

3.1 Definition of the semantics

We will now give the formal definition of such a semantics. In the other subsections we will try to identify
in which cases this semantics can or cannot be expressed as simple1 ODEs.

Definition 1 (Notation of the decomposition of a PEPA model in all its processes) Let P be
a PEPA model with the double extension defined above. Let’s decompose P in n sequential processes (also
called components) in the following manner :

1. If P = P1

H

⊲⊳
L

P2 then P1 will be decomposed in n1 components and P2 in n2 components. The

decomposition of P will be the appending of the decomposition of P1 and P2 and the number of
components will be n = n1 + n2.

2. If P = P1/L the decomposition of P will be the decomposition of P1.

3. If P = (S1[n1]|| . . . ||S
k[nk]) the decomposition of P will be the n =

∑k

i=1
ni components, respectively

ni times Si, for i = 1, . . . , k.

Let X = (Xt)t∈R+
be the continuous time Markov chain (CTMC) of P . Let X i = (X i

t)t∈R+
be the ith

random process of X according to this decomposition. It is important to remark that X i captures the
behaviour of Si in interaction with the rest of P , which is different from the CTMC of Si (unless Si is
independent from the others). X is entirely defined (admitted) by :

(X i, . . . , Xn)

1simple means the ODEs only contain functions describing the evolution of one component, not the evolution of some

state in the whole process
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Definition 2 (Semantics of the double extension of PEPA) Let X = (X i, . . . , Xn) be the stochas-
tic process of P as defined above. Among the processes X i some of them have the same state space because
they are obtained from the same sequential process, denoted Si[ni]. Let S be the set of all states of all
sequential processes. Since S is a set, multiple occurrences of the same state will be represented only once.
Let there be |S| families of random variables, denoted Ns = (Ns

t )t∈R+
, one for each s ∈ S. Ns represents

the number of components of X in state s with respect to time. The semantics of PEPA for massively
parallel processes is then given as the expectation of N i :

∀s ∈ S E[Ns
t ]

3.2 Methodology to express this semantics

In this subsection we give a methodology to find the ODEs of a given PEPA model. However in many
cases this ODE system will be as big as the ODE system describing the CTMC of P . Let’s first give the
following proposition.

Proposition 1 The expectation of the number components in a given state s is the sum of their probability
to be in s :

∀s ∈ S E[Ns
t ] =

n∑

i=1

P(X i
t = s)

Proof

Let there be n × |S| families of binary random variables, denoted Bi,s = (Bi,s
t )t∈R+

, such that Bi,s
t is

equal to 1 when X i
t is in the state s, 0 otherwise :

Bi,s
t =

{
1 if X i

t = s
0 otherwise

The expectation of Bi,s
t is (by definition of the expectation) the probability of having X i

t = s :

E[Bi,s
t ] = P(X i

t = s)

One can notice that Ns
t =

∑n
i=1

Bi,s
t , moreover since the expectation of the sum of random variables is

the sum of their expectations, we obtain :

E[Ns
t ] = E[

n∑

i=1

Bi,s
t ] =

n∑

i=1

E[Bi,s
t ] =

n∑

i=1

P(X i
t = s)

�

So a possible methodology can be, for every state of s, to express the sum
∑n

i=1
P(X i

t = s). The
probabilities P(X i

t = s) can always be expressed by a set of ODEs (by summing the ODEs describing
P ), but the obtained set can be, depending on the model, reducible or not. For instance, if all processes
are independent, their probabilities will simply be described by the ODEs of their individual CTMC. We
want this probability to be expressed as simply as possible, but in the worst case it might be described
by the ODEs of the whole CTMC of P .

In the next subsections we will give some examples when it is possible or not to express this expectation
simply.

3.3 Expectation of a set of independent processes

We will now express the semantics of the most simple case : when all components are identical and
independent.
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Let P = (S1[n1]|| . . . ||S
k[nk]). Let X = (X1, . . . , Xn), with n = n1+ . . .+nk. Each Sj with 1 ≤ j ≤ k

corresponds to the same process starting at different states. Sj [nj] means nj processes start at the state
sj . If X i with 1 ≤ i ≤ n is independent from the others then X i is just defined as the Markov process of
some Sj. Let Qi be its infinitesimal generator and πi its initial distribution. Let {s1, . . . , sk} be the state
space of X i. The probability P(X i

t = sh) with 1 ≤ h ≤ m is then defined by the ordinary differential
equation system below :

dpi(t)

dt
= pi(t).Qi pi(0) = πi

where pi(t) is the following line vector :

pi(t) = (P(X i
t = s1), . . . , P(X i

t = sm))

Let’s sum the ODEs of all processes X1, . . . , Xn :

n∑

i=1

dpi(t)

dt
=

n∑

i=1

pi(t).Qi

n∑

i=1

pi(0) =
n∑

i=1

πi

Since the sum of the derivatives is the derivative of the sum and that all Qi are identical, denoted Q, we
obtain :

d
∑n

i=1
pi(t)

dt
=

(
n∑

i=1

pi(t)
)
.Q

n∑

i=1

pi(0) =

n∑

i=1

πi

We can now place the sum symbol inside each vector :

d
( ∑n

i=1
P(X i

t = s1), . . . ,
∑n

i=1
P(X i

t = sm)
)

dt
=

(
n∑

i=1

P(X i
t = s1), . . . ,

n∑

i=1

P(X i
t = sm)

)
.Q

(
n∑

i=1

P(X i
0

= s1), . . . ,

n∑

i=1

P(X i
0

= sm)
)

=

n∑

i=1

πi

We can now use Proposition 1 :

d(E[N1

t ], . . . , E[Nm
t ])

dt
= (E[N1

t ], . . . , E[Nm
t ]).Q (E[N1

0
], . . . , E[Nm

0
]) =

n∑

i=1

πi

πi has 1 in its the entry corresponding to the initial state of the ith process, 0 elsewhere. So the sum
∑n

i=1
πi is exactly (n1, . . . , nm). Thus, we finally obtain the following ODE system to describe the

expectation of the amount of every state of P :

d(E[N1

t ], . . . , E[Nm
t ])

dt
= (E[N1

t ], . . . , E[Nm
t ]).Q (E[N1

0
], . . . , E[Nm

0
]) = (n1, . . . , nm)

The case with non-identical independent processes is almost similar.

3.4 Example of a PEPA model not well expressed in this semantic

We will now give an example that shows that such a semantics is not always simply expressible. Let P
be the PEPA model defined by the following declarations :

A
def

= (α, rα).A′

A′ def
= (τ, rA).A

B
def
= (α, rα).B′

B
def

= (τ, rB).B
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and the following root term P = A
∅

⊲⊳
α

B. The state space of P is {A
∅

⊲⊳
α

B, A′
∅

⊲⊳
α

B, A
∅

⊲⊳
α

B′, A′
∅

⊲⊳
α

B′}.

To simplify we will denote it {AA, A′B, AB′, A′B′}. Let X = (X1, X2) the CTMC of P . The set of
ODEs describing completely P are :

dP(Xt = AB)

dt
= −rα × P(Xt = AB) + rA × P(Xt = A′B) + rB × P(Xt = AB′)

dP(Xt = A′B)

dt
= −rA × P(Xt = A′B) + rB × P(Xt = A′B′)

dP(Xt = AB′)

dt
= −rB × P(Xt = AB′) + rA × P(Xt = A′B′)

dP(Xt = A′B′)

dt
= rα × P(Xt = AB) − rA × P(Xt = A′B′) − rB × P(Xt = A′B′)

To obtain the description of X1 we just add the ODEs describing the probability of being in the states
AB and AB′ to get the probability of being in the state A and the probability of being in the states
A′B and A′B′ to get the probability of being in the state A′. It is similar for X2. Recalling that the
derivative of the sum is the sum of the derivative we have :

dP(X1

t = A)

dt
=

dP(Xt = AB)

dt
+

dP(Xt = AB′)

dt
dP(X1

t = A′)

dt
=

dP(Xt = A′B)

dt
+

dP(Xt = A′B′)

dt
dP(X2

t = B)

dt
=

dP(Xt = AB)

dt
+

dP(Xt = A′B)

dt
dP(X2

t = B′)

dt
=

dP(Xt = AB′)

dt
+

dP(Xt = A′B′)

dt

We replace the derivative by their functions and after simplification we obtain :

dP(X1

t = A)

dt
= −rα × P(Xt = AB) + rA × (P(Xt = A′B) + P(Xt = A′B′))

dP(X1

t = A′)

dt
= rα × P(Xt = AB) − rA × (P(Xt = A′B) + P(Xt = A′B′))

dP(X2

t = B)

dt
= −rα × P(Xt = AB) + rB × (P(Xt = AB′) + P(Xt = A′B′))

dP(X2

t = B′)

dt
= rα × P(Xt = AB) − rB × (P(Xt = AB′) + P(Xt = A′B′))

We can simplify P(Xt = A′B) + P(Xt = A′B′) by P(X1

t = A′). The others are simplified in the same
way and we obtain :

dP(X1

t = A)

dt
= −rα × P(Xt = AB) + rA × P(X1

t = A′)

dP(X1

t = A′)

dt
= rα × P(Xt = AB) − rA × P(X1

t = A′)

dP(X2

t = B)

dt
= −rα × P(Xt = AB) + rB × P(X2

t = B′)

dP(X2

t = B′)

dt
= rα × P(Xt = AB) − rB × P(X2

t = B′)

The probabilities of being in A, A′, B and B′ also correspond to the expectation of the number of
processes in these states (because they can not be more than one) :

E[NA
t ] = P(X1

t = A) E[NA′

t ] = P(X1

t = A′)

E[NB
t ] = P(X2

t = B) E[NB′

t ] = P(X2

t = B′)
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So the above ODEs describe the expectation of NA, . . . , NB′

. The problem comes from the term
P(Xt = AB). We have not found any way to simplify this term, and A, B are clearly neither independent
nor equal. So it seems that the only way to know it, is to solve the ODEs describing the complete model
P .

4 Conclusion

It is not clear yet what is the class of processes that be can expressed in this semantics and what is the
class that cannot. But it might have something to do with the mixture of semi-dependent processes (ie
those that are sometimes evolving alone and sometimes need to be synchronised with the others). The
problem is that, certainly, the majority of practical interesting processes fall into this category. However,
it may be possible to find that some simpler ODEs approximate this semantics. Maybe when the number
of processes grows, the semantics in the previous works becomes a good approximation of this one?
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A Example, modelling the influence of RKIP on ERK

The code below models an example of biological kinetic reaction taken from [2]. Each reagent is modelled
as a sequential component describing the evolution of it according to the different actions. The definition
of MEK is given below :

MEK
def

= (k12r, k12).MEK/Raf-1*

MEK/Raf-1*
def
= (k13r, k13).MEK + (k14r, k14).MEK-PP

MEK-PP
def

= (k15r, k15).MEK + (k7r, k7).MEK-PP/ERK-P

MEK-PP/ERK-P
def

= (k6r, k6).MEK-PP + (k8r, k8).MEK-PP

The definition of Raf-1* is given below :

Raf-1*
def
= (k12r, 12).Raf-1*/MEK + (k1r, k1).Raf-1*/RKIP

Raf-1*/MEK
def

= (k13r, k13).Raf-1* + (k14r, k14).disappear

Raf-1*/RKIP
def

= (k3r, k3).Raf-1*/ERK-PP-RKIP

Raf-1*/ERK-PP-RKIP
def

= (k4r, k4).Raf-1*/RKIP + (k5r, k5).Raf-1*

The definition of RKIP is given below :

RKIP
def

= (k1r, k1).RKIP/Raf-1*

RKIP-P
def

= (k10r, k10).RKIP-P/RP

RKIP/Raf-1*
def

= (k3r, k3).RKIP/ERK-PP-Raf-1*

RKIP-P/RP
def
= (k9r, k9).RKIP-P + (k11r, k11).RKIP

RKIP/ERK-PP-Raf-1*
def

= (k4r, k4).RKIP/Raf-1* + (k5r, k5).RKIP-P

The definition of ERK is given below :

ERK
def

= (k7r, k7).ERK-P/MEK-PP

ERK-P/MEK-PP
def
= (k6r, k6).ERK + (k8r, k8).ERK-PP

ERK-PP
def

= (k3r, k3).ERK-PP/Raf-1*-RKIP

ERK-PP/Raf-1*-RKIP
def

= (k4r, k4).ERK-PP + (k5r, k5).ERK

The Definition of RP is given below :

RP
def
= (k10r, k10).RP/RKIP-P

RP/RKIP-P
def

= (k9r, k9).RP + (k11r, k11).RP

The definition of system equation (root term) :

( ( ( (MEK[m12]||MEK/Raf-1*[m13]||MEK-PP[m7]||MEK-PP/ERK-P[m8])
k12

⊲⊳
k13,k14

(Raf-1*[m1]||Raf-1*[m13]||Raf-1*/RKIP[m3]||Raf-1*/RKIP-ERK-PP[m4]) )
k1

⊲⊳
k2,k5

(RKIP[m2]||RKIP-P[m6]||RKIP/Raf-1*[m3]||RKIP-P/RP[m11]||RKIP/ERK-PP-Raf-1*[m4]) )
k7,k3

⊲⊳
k6,k8,k4,k5

(ERK[m5]||ERK-P/MEK-PP[m8]||ERK-PP[m9]||ERK-PP/Raf-1*-RKIP[m4]) )
k10

⊲⊳
k9,k11

(RP[m10]||RP/RKIP[m11])
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